Available online at www.sciencedirect.com
scrence @omeor: PATTERN
2 RECOGNITION

-2 \

oU OF T TT] 20G] R’
LSEVIER Pattern Recognition 38 (2005) 1349—1371 —
www.elsevier.com/locate/patcog

Links between probabilistic automata and hidden Markov models:
probability distributions, learning models and induction algorithms

P. Dupont*, F. Deni$, Y. Esposit8

8INGI, Université catholique de Louvain, Place Sainte-Barbe 2, B-1348 Louvain-la-Neuve, Belgium
BLIF-CMI, UMR 6166, 39, Rue F. Joliot Curie, 13453 Marseille Cedex 13, France

Received 17 March 2004; accepted 17 March 2004

Abstract

This article presents an overview of Probabilistic Automata (PA) and discrete Hidden Markov Models (HMMs), and aims
at clarifying the links between them. The first part of this work concentrates on probability distributions generated by these
models. Necessary and sufficient conditions for an automaton to define a probabilistic language are detailed. It is proved
that probabilistic deterministic automata (PDFA) form a proper subclass of probabilistic non-deterministic automata (PNFA).
Two families of equivalent models are described next. On one hand, HMMs and PNFA with no final probabilities generate
distributions over complete finite prefix-free sets. On the other hand, HMMs with final probabilities and probabilistic automata
generate distributions over strings of finite length. The second part of this article presents several learning models, which
formalize the problem of PA induction or, equivalently, the problem of HMM topology induction and parameter estimation.
These learning models include the PAC and identification with probability 1 frameworks. Links with Bayesian learning are
also discussed. The last part of this article presents an overview of induction algorithms for PA or HMMs using state merging,
state splitting, parameter pruning and error-correcting techniques.
© 2005 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction some prior knowledge of the application domain. In some
cases however, attempts are made to induce automatically
Hidden Markov Models (HMMs) are widely used inmany  the model structure from training data. The learning prob-
pattern recognition areas, including applications to speech lem combines then structural induction and parameter esti-
recognition[1-4], biological sequence modelir§,6], in- mation.
formation extraction[7] and optical character recognition Grammar Induction, also known as Grammatical Infer-
[8], to name a few. In many of these cases, the model struc- ence, is a collection of techniques for learning grammars
ture, also referred to as topology, is defined according to from training datg9-12] Early works on grammar induc-
tion already covered learning techniques for probabilistic
(or stochastit) grammars[13—16] Probabilistic regular
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are equivalent to certain types of probabilistic automata
(PA), for which several induction techniques have been pro-
posed[17-22]

This article presents an overview of probabilistic automata
and discrete HMMs, and aims at clarifying the links between
them. These links allow to apply induction techniques and
learnability results developed in one formalism to the other.

The first part of this work (Sections 2 and 3) concentrates
on probability distributions generated by PA and HMMs.
Necessary and sufficient conditions for an automaton to de
fine a probabilistic language are detailed. The distinction
between probabilistic deterministic automata (PDFA) and
probabilistic non-deterministic automata (PNFA) is intro-
duced. This distinction matters for the learning problem as
it is proved in Section 3 that PDFA form a proper subclass
of PNFA. Two families of equivalent models are described
next. On one hand, HMMs and PNFA with no final probabil-
ities generate distributions over complete finite prefix-free
sets. On the other hand, HMMs with final probabilities and
probabilistic automata generate distributions over strings of
finite length.

The second part of this article (Sections 4 and 5) presents
several learning models. Learning a probabilistic automaton
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probabilistic automata. The main result of Section 2.3 is the
Proposition 2 which establishes the necessary and sufficient
conditions for a semi-probabilistic automaton to be proba-
bilistic, that is, to define a distribution on words (or strings).
Probabilistic automata considered in the present work can
be considered as a representation of probabilistic regular
grammars (see e.f§lL6]). The notions of probabilistic non-
deterministic versus deterministic automata are introduced
next. This distinction matters, as demonstrated in Section 3,
for the class of distributions generated by the latter form a
proper subclass of the class of distributions generated by the
former. Section 2.4 concentrates on probabilistic automata
with no final probabilities and details the type of distribu-
tions they generate. Hidden Markov Models are described
in Section 2.5.

2.1. Probabilistic languages

2.1.1. Notations

2 denotes a finitealphabet 2* (respectively>>°) de-
notes the set of words of finite (respectively infinite) length
over X. For any wordu € X*, uX* (respectivelyuX®)

aims, in a broad sense, at inducing an automaton generatingde“9t93 the set of finite (respectively infinite) words with
a distribution 7 from a sample drawn according to some Prefix u. e denotes theempty wordand |«| the length of

unknown target distributioR. The distribution? forms the
learned hypothesis that approximates the target. The pur-
pose of a learning model is to formalize the notion of learn-
ing when a specific quality measure defines the distance be-
tweenP and P. We discuss adaptations of the PAC learning
and identification in the limit frameworks to the learning
of probabilistic automata. Links with Bayesian learning are
also discussed. A learning model includes a learning proto-
col specifying the prior knowledge given to the learner, the
required quality of the proposed hypothesis, and, possibly,
some bounds on the computational complexity of the learn-

a word u. For anyn € N, 3" (respectively><") de-
notes the set of words of length (respectively less or
equal ton).

Definition 1. Let X be a finite alphabet, semi-distribution
over X* is a function 2* — [0,1] satisfying
ZueZ* ) <1

Definition 2. Thesupporth C X* of the semi-distribution
Y is the languagd., = {u € X*|i)(u) > O}.

ing process. Once a learning model has been defined, the

question of what can be learned by any algorithm follow-

Definition 3. A distribution or probabilistic languagey

ing the learning protocol, can be addressed. Several learningover 2* is a semi-distribution such th@tf, c s+ ¥ (u) = 1.

results are presented in this context in Section 5.

The last part of this article (Section 6) presents an
overview of induction algorithms for PA or HMMs. State
merging is a generalization technique starting from an
initial model fitting perfectly a given learning sample. An
opposite approach is state splitting where a very general
model is progressively specialized to best fit the training
data. Structural induction can also be embedded into param-
eter estimation combined with parameter pruning. Finally,
error-correcting techniques greedily adapt an initial struc-
ture by minimizing some edition costs to best incorporate
new samples.

2. Probabilistic languages, automata and HMMs

Probabilistic languages are defined in Section 2.1. We dis-
cuss in Section 2.2 various equivalent definitions of semi-

2.2. Semi-probabilistic automata

Definition 4. A semi-probabilistic automatén (semi-PA)

is a 5-tuple(X, Q, ¢, 1, 7) whereZX is a finite alphabetQ

is a finite set of states) : O x X x Q — [0, 1] is a map-
ping defining the transition probability function,: 0 —

[0, 1] is a mapping defining the initial probability of each
state, andr : 0 — [0, 1] is a mapping defining the final
probability of each state. The following constraints must

23uch an automaton is called a semi-PA and not a PA as it
defines a semi-distribution (see Corollary 1). The supplementary
conditions to be satisfied to define a distribution are detailed in
Definition 9.
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be satisfied:

Z 1(g)=1 and Vq € Q,
qeQ

@+ Y, Y dg.aq)=1

acX q'eQ

A stateq is said to benitial if 1(¢) > 0 andfinal if 7(¢) > 0.

A, denotes the automatdl, 0, ¢, 14, 1) whereq € Q
andiy(¢") =11if g =¢’, and 0 otherwise.

Definition 5. The symbolg also denotes two extensions of
the transition function, respectively defined n< 2* x Q:

n_ |1 ifgq =4/,
¢(q.e.q) = {0 otherwise
YueX* VaelX,
dq.ua,q) =" dlq.u.q")p(q" a.q")
q//eQ

and onQ x 2¥° x 22:

$q. U0V =" Y g u.q).

uel q’eQ’

¢(q,u,q’") can be interpreted as the probability of reach-
ing stateg’ from stateq while generating the word.

Definition 6. Let A= (X, Q, ¢, 1, 1) beia semi-PA.
The functionsP4 : 2* — [0,1] and P4 : 2* — [0, 1]
are defined as follows:

Pawy= Y uq)p(g,u,q)t(q)
q.9'€0
and

Pawy= ) uq)dlq,u,q).
q.94'€Q

P4 (u) can be interpreted as the probability of generating
word u. P 4 () can be interpreted as the probability of gen-
erating a (possibly infinite) word with prefix For all word
u, ?Aq (u) = ¢(q, u, Q). The functionsP, and P 4 can be
extended to subsets$ of 2*:

PA(U)= ) P4 and

uel
Pa(U)=)_ Paw), YU C *. €N
uelU
For any wordu, the following equality is satisfied:
Pa(u) = Pa(u) + PouX). @)
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Lemma 1. Let A be a semi-PA. For any integeywe have
PA(ES") 4+ P42 =1,

Proof. According to Eq. (2), for any integdrwe have
Pa(@h)=PyEh +Path.

Lemma 1 follows from adding up the preceding equali-
tiesfor k varying between O and, and from noting that

Pue)=1. O

Corollary 1. Let A be a semi-PAP, : 2* — [0, 1] defines
a semi-distribution oveg™.

Proof. According to Lemma 1,P4(2") is a decreasing
series for increasing values of It follows that

Pa(X*)=1- nlmoo Ps(2"M<1 O

Definition 7. Two semi-probabilistic automata aeguiva-
lentif they define the same semi-distribution.

Proposition 1. Any semi-PA is equivalent to a semi-PA with
a single initial state

Proof. Let A = (X,0,¢,1,7) be a semi-PA. A’ =
(Z,0, ¢,/ 1) is defined as follows:

Q'=QU{qgg) whereqq is a new state

VYaeX ¢(q,a q)

(g, a.q") if g,9" € 0,
_Jo if ¢ = qo,
Y g"q",a,q") if g=qo.9" € Q.
q//eQ
1o 1 if g=qo.
)= {0 otherwise
) > ug)Hgh) if g =qo.
T(gq)=14'€0
(q) otherwise

It follows that

Y@+ Y. Y. ¢'(qo.a.q)

acX q'eQ’

=Y @+ Y. Y, > dg.a.q)
qeQ aeX q'eQ q€Q

=Y 9 |:T(Q)+ Yoy d)(q,a,q')}
qeQ acX q'eQ

=) ip=1.
qeQ
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a0.2

Fig. 2. A PNFA with a single initial state.

One can easily check that’ is a semi-PA. Moreover we
have

Pa(e) = ) 1(g)t(q) =1'(q0)T (90) = Py (),
qeQ

and, for any wordi and any lettem, we have

Pylaw)y= " q)$(q,au, ¢ )e(q")

q.9'€Q

= > udq.a.q")bq" u. g
q.9'.9"€Q

= Y | X @o@.aq

q'.q"€Q \qeQ

x ¢(q" u.q")1(q")

> ¢ a.q"dq" u,q")1(g)
q'.q"€Q

> @' (q0.a,4Md' (¢ u, 47 ()

q'.9"€Q

= PA/(au).
A and A’ define therefore the same semi-distributiof

The construction above is illustrated by the examples pre-
sented inFigs. 1and 2. Given the constraints om and
¢, the functionzt is redundant a®%q € Q,t(q) =1 —
Yaex 2geo $(q.a.q"). Thus a semi-PA can be equiva-
lently defined as a 4-tupld = (X, Q, ¢, qo) with the con-
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straint )", » Zq,EQ ¢(q.a,q")<1. Following a similar
construction, it can be shown that any semi-PA is equiva-
lent to a semi-PA with a single initial state and a single final
state, provided one considers a spee&ad-of-wordsym-

bol for reaching the final state (see for example R2®]).
Since all these definitions are equivalent, we use in the se-
quel Definition 4.

2.3. Probabilistic automata

In this section we characterize which semi-probabilistic
automata are defining distributions on words.

Definition 8. A state q of a semi-PAA is accessible if
¢(Qy, 2*, q) > 0, whereQj is the set of initial states @A
Otherwiseg is unaccessible

The set of accessible states can be obtained in linear time.
The semi-distribution associated to a semi-PA remains un-
changed if all unaccessible states are removed.

A probabilistic automator is a semi-PA such that the
probability of reaching a final state from any accessible state
is strictly positive.

Definition 9. A semi-PA A is a probabilistic automaton
(PA) if for any accessible statg

Py, () =" ¢(g. 2% ¢)1(q") > 0.
q/

Definition 10. A PA is trimmedif all of its states are ac-
cessible.

Given any PA, an equivalent trimmed PA may be con-
structed in linear time.

Lemma 2. Let A = (X, Q, ¢, 1, ) be a PA with n states. If
state q is accessible then

(g, 2", Q) <1.

Proof. By definition of a PA having states, there exists a
final statey” accessible frong by a wordu of length <n —1.
In other words,PAq (X<™)> 0. It follows that

$(q, 2", QD =Pa, (X" =1=-Py (2" <1l O
Proposition 2. Let A be a semi-PAA is a PA if and only if
P4 is a distribution

Proof. Let A be a PA withn states. Without loss of gen-
erality, we can assuma to be trimmed. Letx be defined
asa = maxX{o(q, 2", Q)lg € Q}. According to Lemma 2,
o< 1. We show by recurrence dathat, for any state,
$(q. 2", Q) <o,
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$g. 2", 0= Y $(q.2", 41", 2D, 0)
q'€eQ
<3 4g. 2" q)
q'eQ
=g 2", 0)

grxk.

It follows that
lim P4*)< lim of =o0.
k—o00 k—o00

Hence, according to Corollary B4 is a distribution.
Let A be a semi-PA such that, is a distribution.Q
denotes the set of initial states Af Let q be an accessible
state ofA, and letv, with |v| =1, be a word such that

¢(Qy,v,q)>0. Foranyn € N, we have

PAC"H =P
>¢(01,v,9)Pa, (2"
> ¢(Q1. v, q)(1— Pa, (Z="))>0.

As P 4(2"t!) tends to 0 whem tends to infinity,P4, (Z<")
tends to 1. Thus according to Definition®js a PA. O

Definition 11. The support automatonof a PA A =
(Z,0,¢,1,7) is a non-deterministic finite automaton
(NFA) A = (X, 0,6,1, F) wherel (respectivelyF) de-
notes the set of initial (respectively final) statesApfand

0 C 0 x X x Q denotes the transition function defined as
follows: (¢, a,q’) € 6 & ¢(q,a,q’)>0.

A direct consequence of this definition is that the lan-
guagelL generated by the support automaton of a/°#s
the support of the distributio®4. In the sequel, we call
PNFA (respectively PDFA) a PA the support of which is
a non-deterministic finite automaton (NFA) (respectively a
deterministic finite automaton (DFA)).

Fig. 1 presents a PNFA defined as follows:

e X ={a,b},

e 0=1{12},

e $(1,a,1)=0.2; $(1,b,1)=0; ¢(1,a,2)=0.5; ¢p(1,b,2)=
0.2,
$(2,a,1)=0.4; $(2,b, 1)=0; ¢(2,a, 2)=0; $(2, b, 2)=
0.1,

e 1(1)=0.4;1(2) = 0.6,

e 7(1)=0.1;7(2) =0.5.

For instance the probability of worldlis given by
Pab) =1(De(L, b, Dt(D) + 1(DH (L, b, 2)1(2)
+ 122, b, (L) + 1(DP(2, b, 2)1(2)
=0.07.

Here the support language (s + b)*.
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Fig. 2 presents an equivalent PNFA with a single initial
state.

Definition 12. A probabilistic language isegular if it can
be generated by a PNFA. The clagBlFA denotes the class
of probabilistic regular languages.

As the support of a probabilistic regular language (PRL)
must be a regular language, it is clear that there exist prob-
abilistic languages that are not reguarThere exist also
probabilistic languages, with regular support languages, that
are not PRL%

Definition 13. A probabilistic regular language @etermin-
istic if it can be generated by a PDFA. The cla8DFA
denotes the class of probabilistic deterministic regular lan-
guages (PDRL).

PDFA is a proper subclass aP N FA (see Proposition
5), which is an important result for the learning of proba-
bilistic automata. Another interesting subclass of PDRL are
the probabilistic finite support languages.

Proposition 3. Every probabilistic language having a finite
support is iN?DF A.

Proof. Lety be a probabilistic language ovEwith a finite
support. We define the automatdn= (X, Q, ¢, 1, ) where
Q is the set of prefixes of words in the supportyaf the
unique initial state ig, and for any wordsi andv of Q and
any lettera, t(u) = y(u) /Yy 2*) and

Y)Y ™)
0

if v=ua,
otherwise

d(u,a,v) = {
It is easy to show thah generates the language O

The PDFA defined in Proposition 3 is the probabilistic
prefix tree acceptor used for state merging induction tech-
niques (see Section 6.2.1).

Probabilistic automata used in the present work can be
seen as probabilistic generators. They are equivalent to prob-
abilistic regular grammar&5,14,26] These automata differ
from probabilistic acceptors (see for example RETE,28))
and are not equivaleriR6]. In the case of a probabilistic
acceptor (or recognizer), there is an input alphabahd an
output alphabeY. A probabilistic accepté_‘r defines acon-
ditional probability P(Y = y|u), for a given wordu of 2*.

3 Consider for instance the class of probabilistic context-free
languageg23,24]

4 Consider for instance the regular support languhge{a*},
and the distribution)(a") = 1/e.n!,V¥n >0.

5The output alphabet is usually binary={0, 1}, and the value
Y =1 (respectivelyy =0) is then associated to final (respectively
non-final) states. In this case, the strimis said to beacceptedf
P(Y =1ju)>0.
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We focus on probabilistic generators, which define
conditional distributions overX*, and study their links
with HMMs (see Section 3). Some interesting links be-
tween HMMs and probabilistic acceptors are described
in Ref. [29], but the notion of distribution equivalence
is distinct from ours. In particular an HMMM and a
probabilistic acceptoA are considered equivalent if the
probabilities of generating words by are the same as ac-
cepting them byA. In our case we ask for equal generation
probabilities.

2.4. Probabilistic automata with no final probabilities

A particular type of probabilistic automata do not include
final probabilities (see for instance Ref30,31)). They can
be defined in our formalism as follows.

Definition 14. A probabilistic automaton with no final
probabilities (NFPA) is a semi-PA where the set of final
states is empty.

LetA=(Z, O, ¢, 1, t) be a NFPA. According to Definition
14, we havevg € Q,t(gq) = 0. Thus, for any wordu,
P4(u) =0 andP 4 () can be interpreted as the probability
of generating an infinite word starting with the prefixA
NFPA defines therefore a probability on the (continuous)
space of infinite word&®°.

According to Lemma 1, we have 4 (2")=1 and a NFPA
defines one distribution for each valuerofMore generally,
we obtain a probabilistic language for any restrictionPof
to a complete finite prefix-free set.

Definition 15. A set of wordsU C X* is prefix-freeif no
word of U is a prefix of another word ikJ. More formally,
we have
Yu,veU, TJwelX* v=uw=w=c¢.

A prefix-free setU is completeif all word u € X* has a
prefix in U or is a prefix of a word irJ.

A complete prefix-free set is maximal with respect to
inclusion among the family of prefix-free sets. For ex-
ample, the sef{a”"b | n € N} is complete prefix-free if
Y ={a,b}, as it is the case for each sgf'}, for any
value ofn.

Proposition 4. If A is a NFPA and U is a prefix-free set
then P 4 defines a semi-distribution on U. If U is moreover
complete finite ther? , defines a distribution on U

Proof. Let A = (X, Q4. ¢,1,7) be a NFPA and leU be a
prefix-free set.

For any wordu € X*, we haveP 4 (u) = Y ,c5x P A (ua).
This implies thatP 4 () = P 4 (u2¥) for any integerk.
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For any integen, we have

PaUnzsh= Y Pyt
veUNE "
<Pu2M) =1.

In the limit whenn tends tooo, we obtainP 4 (U) < 1.
Moreover ifU is finite, we can consider> max{|u|, u €
U}. It follows that

PAU)=PoUNZS") = Z Pzl
vel

Now, if U is complete, for any wordi in 2", there exists
necessarily a word df) that is a prefix ofu. We obtain

PaU)=P,A2" =1. O

Note that the previous proposition does not holdlifs
infinite. Consider for instance a NFPsuch thatP 4 (a") =
1 for any integen and the seU = {a"b|n € N}.

2.5. Hidden Markov Models

Definition 16. A discreteHMM (with state emission) is a
S5-tuple M = (X, O, A, B, 1) whereX is an alphabetQ is

a set of statesd : O x Q — [0, 1] is a mapping defining
the probability of each transitiom3 : Q x ¥ — [0, 1] is

a mapping defining the emission probability of each letter
on each state, and: Q — [0, 1] is a mapping defining the
initial probability of each state. The following constraints
must be satisfied:

VgeQ, Y Alq.q)=1,
q'€eQ

VgeQ, ) Blg.a)=1,
aeXx

D =1

qeQ

Definition 17. Let M = (X, Q, A, B, 1) be a HMM. Apath

in M is a word defined o®*. For any path, v; denotes the
ith state ofv, and|v| denotes the path length. For any word
u € 2* and any pathv € Q*, the probabilitiesPy; (u, v)
and Py (1) are defined as follows:

PM(M, V)
DT3B up)
XA, vir DBy, up)

1 if lul|=|v|=0 and

if l=lul=1v|>0,

0 otherwise

Pyu)= " P(u,v).
veQ*
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0.1 0.3
[20.2] [a0.9] b 0.8
bog 07 [bod] 008] 57 [b0.1]
[20.8]
(b 0.2]

Fig. 3. An example of HMM (with emission on states).

Fig. 4. An example of HMMT (with emission on transitions).

Py (u, v) is the probability to emit word while following constraints must be satisfied:
pathv. Along any path, the emission process is Markovian v A N
since the probability of emitting a letter on a given state only "4 €0, Z .4)=1,

depends on that state. HMMs are used to model processes q9'€Q
for which the existence of such a path (or state sequence) ; ’
. , , 1 if A(g,q")>0,
can be assumed while the actual states are not observed¥q,q" € O, Z Blg.a.q) =1 otherwise
Py (u) can be interpreted as the probability of observing a aey

finite prefixu of some infinite word.
Alternative definitions of HMMs (see for example Refs. Z 1(g)=1.

[28,5]) include a single non-emitting initial statg), also
called asilent state and transitions ofg to the other states,
as well as a non-emitting final stajg and transitions from
the other states tg . The use of a single initial staig,
with initial probability 1(gg) =1, results in models equivalent

qeQ

Definition 19. Let M =(X, Q, A, B, 1) be aHMMT. Apath
in M is a word defined orQ*. For any wordu € >* and
any pathv € Q*, the probabilitiesPy; (u, v) and Py (1) are

to HMMs described here (the proof is analogous to the defined as follows:

one used to demonstrate Proposition 1). On the other hand,
the introduction of a non-emitting final state modifies the Py, v) =
associated distributions. Proposition 9 in Section 3 explains

this result.
Fig. 3 presents a HMM defined as follows.

2 ={a, b},

0=1{1,2},

A(1,1)=0.1;A(1,2)=0.9; A(2,1)=0.7; A(2,2)=0.3,
B(1,a)=0.2; B(1,b)=0.8; B(2,a)=0.9; B(2, b)=0.1,
1(1) =0.4;1(2) =0.6.

For instance, the probability of the woath is given by

Py (ab) = Py (ab, 11) + Py (ab, 12) + Py (ab, 21)
+ Py (ab, 22)
= 0.0064-+ 0.0072+ 0.3024+ 0.0162
=0.3322.

HMMs can also be defined with emissions on transitions

[32,28]instead of states.

Definition 18. A discrete HMM with transition emission
(HMMT) is a 5-tupleM = (X, Q, A, B, 1), whereX is an al-

phabetQis a set of states} : 0 x Q — [0, 1] is a mapping
defining the probability of each transitioR,: O x 2 x Q0 —

D) T IBOG uivign) i [y]=lul+1,
XA, vit1)] and

0 otherwise

Pyu)= Y P.v).

veQ*

Fig. 4 presents a HMMT defined as follows.

e X ={a,b},

o 0={12},

e A(1,1)=0.1; A(1,2=0.9; A(2,1)=0.7; A(2,2)=0.3,
e B(1,a,1)=0.2, B(1,b,1)=0.8; B(1,a,2) =0.3; B(1,

b,2)=0.7; B(2,a,1)=0.8; B(2,b,1)=0.2; B(2,a,2)=
0.9; B(2,b,2) =0.1,
e 1(1)=0.4;1(2) =0.6.

For instance, the probability of the woldis given by

Py (b)=1()B(, b, DAL 1) + 1(1)B(L b, 2)A(L, 2)
+12)B2, b, A2, 1) + 1(2)B(2, b, 2)A(2, 2)
— 0.386.

Definitions 16 and 18 are similar to the definitions of proba-
bilistic automata. We clarify the links between these models
in Section 3. Note that we consider here HMMs defined on
a discrete alphabet. Many variants can be found in the liter-
ature, including models with a continuous emission density,

[0, 1] is a mapping defining the emission probability of each typically defined by a Gaussian or a multi-Gaussian instead

letter on each transition, and: Q — [0, 1] is a mapping

of a discrete (multinomial) distribution (see, for example,

defining the initial probability of each state. The following Refs.[33,34,3,4).
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0.5 ‘ 0.5 0.5 0.5
0.6 0.8 0.0 0.6
. . . . A4
Fig. 5. A PNFA generating a language that cannot be generated by a0z alo alod ao
a PDFA.
3. Links between PDFA, PNFA and HMMs 08 0.0

We study in this section the relations between the dis- Fig. 6. A non-ambiguous PNFA generating a language that cannot
tributions generated by PDFA, PNFA and HMMs. Propo- be generated by a PDFA.
sition 5 shows that the class of probabilistic deterministic
regular languages, which are generated by PDFA, forms This language is generated by the ambiguous PNFA de-
a proper subclass of the class of probabilistic regular lan- scribed inFig. 5. Suppose that there exists a non-ambiguous
guages, which are generated by PNFA. Propositions 8 and 9PNFA A = (X, Q, ¢, 1, 7) such thaty = P4 and lets be the
show the equivalence between PNFA, HMMTs and HMMs. number of states of. Let qo, ..., gs be the unique state
The constructive proofs given here illustrate how to trans- sequence generating and leti < j be two indexes such

form any such model into any of both others. thatg; =¢q;. Let
Proposition 5. #DFAC#NFA. i-1
a=1(qo) | [] e a grs1)

Proof. Let A be a probabilistic automaton and let define k=0
p(u) as follows: s—1

Pau) . — X 1_[ ?(qk, @, qk+1) | ©(gs)

* = if Po(u)>0, i

Vue ¥, pu)=1 Pa(u) /

0 otherwise

and Ietﬁ:]’[,{;il ¢©(qx, a, gx+1)- SinceAis non-ambiguous,
we must havey(a*1t" =) = yp™ for all integerm which
is clearly impossible. OJ

If Ais a PDFA, the setp(u), u € 2*} is necessarily finite.
Consider now the PNFA described Kig. 5. We have
p(a") =06+ 0.2/(1+ 2"), which is a strictly decreasing

series for strictly increasing values of Hence{p(u), u €

_ Next we show the equivalence between probabilistic au-
2*} cannot be finite. O d P

tomata with no final probabilities and HMMs.

The proof of Proposition 5 uses an ambigLfbuﬁNFA ) )
which cannot be reduced to a PDFA. Proposition 6 shows -émma 3. Let A = (X, 0, ¢, 7) be a PNFA with no fi-
that the same result hold even if one considers the class of 1@l probabilities. There exists an equivalent HMMT =
non-ambiguous PNFfzaZ? N F A) and Proposition 7 shows (2,0,A,B,1).
that this class is a proper subclass/&¥ F A. Hence, Propo-
sition 5 is thus also directly implied by Propositions 6 and 7. Proof. 2, Q and: are identical forA andM. The transition

functions forM are defined as follows.

Proposition 6. ZDFACna?NFA.

e Vq.q' € 0, Aq.q4")=>yex dlqg.a.q"),
Proof. Consider the non-ambiguous PNFA describelim *Vq.q' € Q,Ya € X, B(q,a,q)
6. In this casep(a?')=0.6—0.6/(1+2") which is a strictly $(q.a.q") _
decreasing series for strictly increasing values.of (] _——— it Yuexdq.a,q)>0,
- OZQEZ ¢(‘Ivan) th .
Proposition 7. na?NFAC?NFA. othenwise
Proof. Let y be the probabilistic language defined Bra= It is easily shown thaM satisfies the constraints of a
{a} by HMMT and thatM andA generate the same distribution.
O
W(a") = 0.6(0.4)" +0.8(0.2)" Fig. 7 illustrates the transformation of a PNFA into an

2 equivalent HMM.

6 A PNFA is ambiguous if there exists at least one word that Lemma 4. LetM=(X, 0, A, B, 1) be a HMMT, there exists
can be generated by several state sequences. an equivalent HMMM' = (X, Q’, A, B/, V).
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[b0.1]

0.7
[a0.8]
[b 0.2]

Fig. 7. Transformation of a PNFA into an equivalent HMMT.

Proof. The construction of a HMM equivalent to a HMMT
is given in Ref[28]. In this case, the number of stated®'|
is less or equal t0Q|2. M’ is defined as follows.

e 0'=1{(q,9") € O x Q|A(q,q’) > 0}. The states ofp’
represents pairs of states @ that are connected by a
strictly positive transition probability.

* V(g.4").(q".q") € 0", Al(q, 9", (¢".q")) =

A(C]N,CIW) |f ql :q//’

0 otherwise
* ¥(q.q') € Q',Ya € X, B((q,q"), a) = B(q,a,q"),
° ¥(g.q9") € Q'.7"((q.94") = q)Aq. q).

It is easily shown thaiM’ satisfies the constraints of a
HMM and thatM and M’ generate the same distribution.
We give below an alternative construction for which the
number of statesQ| is less or equal toQ| x ||. Let M’
be defined as follows.

Q'=0x2,

(g, @) =X grep(@)AG' . 9)B(q . a, q),
B'((q,a),x) =1if x =a, and 0 otherwise,
A'((q,a).(q". b)) =A(q.q")B(q. b, q").

It is easily shown thatM’ satisfies the constraints of a
HMM.
Let u = uq...u; be a word of 2* and letv =
((g1, u1) ... (g, up)) be a path inM’. We have
-1
Py, v) =1 ((q1, u1) [ [ 1B'((gi ui), ui)
i=1
x A'((gi ui), (i1, ui+1)1B (g1, up), up)

Y 1@HAW@ a1 B u1, q1)

q'€Q
-1
x [ [1AW@i. 4i+1) B, ui 41, i )]
i=1
= Y Py@.q'q1...qp).
q'€Q

Summing up over all possible paths ii1’, we obtain
Py () = Py (u). Hence,M and M’ generate the same
distribution. O

Figs. 8and 9 show typical examples of the transforma-
tions of a HMMT into equivalent HMMs. The number of

degrees of freedom (parameters) of a HMM (respectively a
HMMT) with n states over an alphabetmwfletters isn — 1+
n(m—l)+n(n—l):n2+nm—n—l € O(n x max(n, m))
(respectivelyn — 14+ n(n — 1) + n?(m — 1) =n’m — 1 €
@(nzm)). Hence the transformation of a HMMT into an
equivalent HMM cannot be performed in general without
changing the number of states.

Lemmab. Let M = (X, O, A, B, 1) be a HMM. There ex-
ists an equivalent PNFA with no final probabilities =
(2,0, ¢,1,1).

Proof. Ais defined as follows.

e Vq,q' € Q,Va€X §lq,a,q")=B(q, a)Aq,q"),
e Vg € 0,1(q) =0.

Itis easily shown thaA satisfies the constraints of a PNFA
and thatA andM generates the same distributiori]

Fig. 10 illustrates the transformation of HMM into an
equivalent PNFA.

Proposition 8. HMMs are equivalent to probabilistic au-
tomata with no final probabilities

Proof. This is a direct consequence of Lemmas 3-5l

The equivalence between these models is demonstrated
using constructive proofs to transform a PNFA into a HMMT
(Lemma 3), a HMMT into a HMM (Lemma 4), and a HMM
into a PNFA (Lemma 5). Note that the PNFAfy. 10is not
isomorphic to the PNFA dfig. 7, even though they generate
the same distribution. The possibility to simulate a HMM
with n states by a PNFA with states was already proved in
Ref. [30]. Proposition 8 guarantees that one can simulate a
PNFA by a HMM but not, in general, with the same number
of states. However the sizes of all these equivalent models
are always polynomially related (see aBigs. 7-10).

Corollary 2. If M is a HMM or a HMMT, then Vn €
N,Zuezn Py (u)=1.

Proof. This result, mentioned in Ref30], is a direct con-
sequence of Propositions 4 and 8]

Definitions 16 and 18 correspond to HMMs with no fi-
nal probabilities. Variants of these models, including a final
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Fig. 9. Transformation of an HMMT into an equivalent HMM (second construction).

0.04 0.36 0.04 0.36

0.1

[a0.3]
[b0.7]

0.3 =

0.3

f [a0.9]
[b 0.1]
0.42 0.18 0.42 0.18

Fig. 10. Transformation of an HMM into an equivalent PNFA.

non-emitting state; 7, correspond to models where a final  Proof. The demonstration of this result is completely anal-
probability z(q) is defined for each state. Hence the Propo- ogous to the proof of Proposition 8]
sition 9 follows.

Corollary 3. HMMs with final probabilities, and such that
Proposition 9. HMMs with final probabilities are equiva-  the probability of reaching a final state from any accessible
lent to semi-probabilistic automata state is strictly positivegenerate distributions ovex*.
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Proof. This is a direct consequence of Propositions 2 P is ane-good hypothesiwith respect toP, for ¢ >0, if
and 9. O .
D(P, P)<e.

To sum up, there are two families of equivalent models.
On one hand, HMMs and probabilistic automata with no fi- - ~
nal probabilities, which generate distributions o& Vn e as distance measure betweeand P
N, or, more generally, over any complete finite prefix-free A P(u)
set. On the other hand, HMMs with final probabilities and KL (£ F) = Xu: P)logy ) ®)
probabilistic automata, which generate distributions aver

Kearns et al. use the Kullback-Leibler divergerog ;

where the summation is over all words belonging to the
domain ofP, assumed to be identical to the domairfofThe

4. Learning models divergence can be interpreted as the number of additional
bits needed to encode a message when an optimal code is

Learning a probabilistic automaton aims, in a broad sense, chosen according to distributioR while the message was

at inducing an automaton generating a distributifrom produced according to distributidh This measure bounds

a sample drawn according to some unknown target distribu- the L1 distanc€ and the Hellinger distancs ;.1

tion P. The distribution? forms the learned hypothesis that Let Z(.) denote a distribution class. Each distributién

approximates the target. The purpose tfarning models of the class?(.) represents a co_ncept, the size of which, de-
to formalize the notion of learning when a specific quality noted by|P|, depends polynomially on a set of parameters.
measure defines the distance betwBeand P. For example? DF Az | g is the class of distributions that

A learning model includes arning protocolspecifying can be generated by PDFA defined on an alphabet of size

the prior knowledge given to the learner, the required quality || and having| Q| states.|X| and |Q| are the parameters

of the proposed hypothesis, and, possibly, some bounds oncharacterizing the size of each concept in the class. These
the computational complexity of the learning process. Given automata form thespresentation classf the corresponding

a learning model, the question of what can be learned by any distributions.

algorithm following the learning protocol, can be addressed.

In the context of probabilistic automaton learning, an im-  Definition 21. A distribution class?(.) is efficiently learn-
portant particular case occurs when the prior knowledge in- able if there exists a learning algorithm satisfying the fol-
cludes the support automaton of the target distribution (see lowing conditions. For any target distributiod € 2(.),
Definition 11). Prior knowledge, generally coming from the the algorithm receives an independent and identically dis-
application domain, enables to fix a priori the structure of tributed (iid) sampleSp from P, a precision parameter- 0
the target automaton or an equivalent HMIM topology. In this  and a confidence parametgr0 < 6 < 1. The algorithm out-
case, the set of free parameters is fixed and learning is thenputs, with probability at least + 4, ane-good hypothesis
reduced to the problem of estimating probabilities given a P with respect toP. The time complexity of the learning
known structure. The more general case, studied as well in algorithm has to be a polynomial function éf% and|P|.
the sequel, occurs when probability estimation is combined
with structural induction. Definition 21 specifies the learning protocol of a distri-

Several models for learning probabilistic automata are bution learning algorithm. It should be remarked that the
presented in this section. Learning results obtained in these representation classes of the target distribui@nd the hy-
models are presented in Section 5. pothesis? need not be the same. The representation class

issue is further studied below.
4.1. A PAC learning model for probabilistic automata
4.2. A trainability model for probabilistic automata

The PAC learning model was introduced by Valiant ] ]
[35]. We focus here on various adaptations of this model ~ Abe and Warmuth studied the problem of approximat-
when the concepts to be learned are probabilistic automataiNd an unknown target distributio® by a probabilistic
[31,19,20] EE—

9[36]:
Definition 20. Let P be a target distribution and l&® be - R .
a hypothesis produced by a learning algorithm. Debe a 2'n2m>Ll(P’ Py=3 1P = P,
measure of the distan®ebetweenP and P. “

10737):
"PAC learning stands foProbably Approximately Correct
: 5 By B2
learning. DgL(P, PY=Dy(P, PY="|\/P(u) = Pw)*.
8 This distance is not necessarily a metric. u
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automator{30]. The representation class of the hypotheses Ls(Sp) of the sample is defined as

is the class of probabilistic automata or HMMs. More pre-

cisely, hypotheses are represented by PNFA with no final

probabilities and the target distributions are defined8n

In this learning model anutomaton constrairits also given

to the learning algorithm. If the hypothesis? is considered as a mod#! belonging
to a model class#, the sample Iikelihoodﬁ(sp) can be

seen asP(Sp|A?I)A, which is the probability of the sample
given the modeh.

LpSp)=]] P )
i=1

Definition 22. An automaton constraint is a 4-tupe =

(X, 0,1, T)whereZX is an alphabefQ is a state setf C Q

is a set of potentially initial states, afdC Q9 x X x Qisa

set of potential transitions. A PNFA satisfies the constraint
C if its alphabet isX, its state set i), any initial state of

its support automaton belongs tpand any transition of
its support automaton belongs To The constraint sizes
defined agC| = |I| + |T|. It corresponds to the number of
probabilities to estimate. The constrainigl if /= Q and Lp,..cc)(Sp)

T=0x2xQ. L[)(SP)

Definition 24. The maximum likelihood problem is-
approximable if there exists a learning algorithm that, when
given a constrain€ and a samplé&p, outputs, with proba-
bility at Ieast%, a hypothesig® respectingC and satisfying

<1+, (%)

Given an automaton constraint the learning problem can Where Prax(C) denotes the distribution generated by a
be formulated as follows. probabilistic automaton respecti@and assigning the max-

imal likelihood to the sampl&p.

Definition 23. An automaton constraint clagsis trainable

if there exists a learning algorithm satisfying the following
conditions. For any constrait € %, the algorithm receives
C, an iid sampleSp drawn from an unknown distribution
P defined on2™, a precision parameter> 0, and a confi-
dence parametea¥, 0 <6< 1. The algorithm outputs, with
probability at least 1 3, a hypothesis® satisfying

The links between learning under a known constraint and
estimating model parameters according to maximum likeli-
hood are presented in Section 5.4.

4.3. Identification in the limit with probability 1

Identification in the limit was introduced by Gold as
Dk (P, P) = Dg (P, Ppin(0)) <e, a learning model in a non-probabilistic settifig8]. An
adapted version of this model for language identification
providedDg (P, P, (C)) is finite and provided the sam-  from stochastic examples was proposed by Angl3i8].
ple sizem is greater than a minimal size,,;,. P, (C) Identification of the support of probabilistic automata is de-
denotes the distribution generated by a probabilistic automa- scribed hereafter.
ton satisfying the constrair® and presenting the minimal

divergence with respect to the target Definition 25. A probabilistic automaton clas¢ is identi-
The class? is polynomially trainableif any constraint fiable in the limit with probabilityl if there exists a learning
C € % is trainable with a minimal sample size,,;,, being algorithm satisfying the following conditions. For any au-
a polynomial function of le, 1/, n, |C|, and if the time tomatonA € .7, the algorithm receives an infinite sequence
complexity of the learning algorithm is a polynomial func-  of samplesS; € S» C ..., each sample being drawn ac-
tion of the sample size. cording to the same distributiaPy . The algorithm produces

a sequence of hypothesés, Ps, . .. such that, with proba-
Note that if the target distributiorP can be gen- bility 1, there is a finite index* from which, for anyk > k*,

erated by a probabilistic automaton satisfyiig then the support automatofy, is the support automaton &f
Dk (P, Py,in(C)) =0, and the condition to be satisfied by
P is to be anc-good hypothesis with respect B This learning model concentrates on the exact identifi-

Learning a probabilistic automaton under a null constraint cation, in finite time, of a support automaton. There is no
is equivalent to the problem of estimating probabilities when required bound on the error before identification nor on
the alphabet and the number of states of the hypothesis arethe time complexity of the learning process. This observa-
given. Determining whether a class of automaton constraints tion might explain why the PAC model described in Section
is polynomially trainable is therefore equivalent to deter- 4.1 is generally preferred. Nevertheless the ALERGIA algo-
mining whether there exists a polynomial algorithm to best rithm described in Section 6.2.2, and several of its variants,
estimate the probabilities of an automaton belonging to the have been proved to converge according to Definition 25
constraint class. Given a sam@i¢ = {u1, ..., u;,} made [18,21,40]
of mwords of X" drawn independently according to the tar- In the identification in the limit framework, a sam@gis
get distributionP, and given a hypothesig, the likelihood calledcharacteristidf the convergence is guaranteed for any
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sampleSincluding S.. Once the support has been identified,
learning is reduced to correct estimation of the probabilities
as defined, for instance, in Section 4.2.

4.4. Bayesian learning and MDL principle

We present in this section the Bayesian learning frame-
work, which does not constitute a learning model as de-
scribed before. Yet this framework is frequently used in the
literature, in particular in the context of HMM induction.
The algorithms presented in Sections 6.2.4, 6.2.5 and 6.4
are Bayesian learning techniques.

Let a probabilistic automatoa be a particular model be-
longing to an automaton clasg. P(A) denotes the prior
probability!? of the modelA in the class«. P(S|A) de-
notes the likelihood of the sampfgiven an automator.

The maximum a posteriori (MAP) learning principle consists
in choosing the hypothesi&y; 4 p that maximizesP (A|S),
which is the posterior probability of the modélgiven the
sampleS

Apap =argmaxP(A|S) = argmaxP (S|A)P(A),  (6)
Ac.ot Aeot

where the second equality results from applying Bayes rule.
Bayesian learning aims at selecting the model that maxi-
mizes a trade-off between sample likelihood and prior prob-
ability. When all models in the class are considered equally
likely, Bayesian learning seeks for a maximum likelihood
model. The link between trainability of an automaton given
a constraint (see Section 4.2) and parameter estimation fol-
lowing maximum likelihood is clarified by Theorem 6 in
Section 5.4. Algorithms for maximum likelihood estimation
are described in Section 6.1.

Under certain hypotheses MAP learning is equivalent to
the minimum description length (MDL) learning principle
[41]. More preciselyA y 4 p can be equivalently defined as
follows:

Aprap = argmin—log, P(S|A) — log, P(A).
Acot

)

The term—log, P(S|A) is the description length of the sam-
ple Swhen an optimal code is chosen for encoding this sam-
ple given the modeh. The term—Ilog, P (A) is the descrip-
tion length of the model when an optimal code is chosen
for encoding this model. The MDL principle recommends
to select the hypothesis (the model) that minimizes the sum
of both description lengths. The modéj, 4 p is therefore

an MDL solution under optimal encoding schemes.

1There is an implicit assumption that the prior probability of
any model in the class/ is well defined.

1361
5. Learning results

We present in this section learning results for several dis-
tribution classes according to the learning models described
in Section 4.

5.1. Non-learnability of PDFA with an evaluator

The class? DF A () denotes distributions defined over
2", with |2| =2, that can be generated by PDFA without
final probabilities, and having a number of states bounded
by a polynomialr(n). In this casen is the only parameter
defining the size of the concept to be learned.

Kearns et al. introduce the distinctigh betweengener-
ators and evaluatorsfor a distributionP. A generator for a
distributionP takes as input a sequence of truly random bits
and outputs an observation drawn accordingté\n eval-
uator for a distributiorP takes as input an observation and
outputs the probability of this observation accordingPto
We look generally for learning algorithms producing evalu-
ators since, once an evaluator has been learned, the proba-
bility of any new observation can be computed.

Theorem 1. Under the noisy parity assumptiéﬁ the
class?DFAj3 () is not efficiently learnablg31].

This resultis independent of the representation class of the
hypothesisP but it is assumed that the learning algorithm
outputs an evaluator for the distributigh

5.2. Learnability ofu-distinguishable acyclic automata

Ron et al. study the class gf-distinguishable acyclic
PDFA (APDFA), which forms a particular subclass of PDFA
with final probabilities. The transition graph associated to
the support automaton of an APDFA contains no cycle. The
support language is therefore finite. Tdepthof an APDFA
is the length of the longest path from the initial state to a
final state.

Definition 26. Let A= (X, Q, ¢, 1, 7) be a probabilistic au-
tomaton and let: be a parameter,Qu< 1. A pair of states
g1 andgo from Q is p-distinguishable if there exists a word
u € 2* such that|PAq (u) — Pqu (u)| > p. The automa-
ton A is ,u-distinguishalble if any pair of distinct states is
u-distinguishable.

12Thjs distinction should not be confused with the distinction
between generators and acceptors introduced at the end of Section
2.3. For instance, a PDFA is both an evaluator and a generator in
the sense defined in the current paragraph.

13There is a constant @y < 1 such that there is no efficient
algorithm for learning parity functions under the uniform distribu-
tion in the PAC model with classification noise rate
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«/PDFA, |,z denotes the class of acyclig-
distinguishable PDFA with Q| states and defined on an
alphabet of sizé¢X|.

Theorem 2. The class «/PDFA, g,z Is efficiently
learnable when the parameter, 0< p<1, is known by
the learner. The learning algorithm outputs angood
hypothesis in time polynomial iQ|, ||, ;lt % Iog% [42].

LeveledAPDFA is the hypothesis representation class
chosen in this case. In a leveled APDFA, the level of a state
g is defined as the unique length of any path leading from
the initial state tag. For any APDFA havindQ| states and
depthd, there exists an equivalent leveled APDFA having
0(|Q| x d) states. The learning algorithm for this represen-
tation class is further detailed in Section 6.2.3.

5.3. Learnability of probabilistic automata with variable
memory length

Ron et al. introduced the class of Probabilistic Finite
Suffix Automata of ordelL (L-PFSA)[19]. L-PFSA form
a proper subclass of PDFA equivalent to variable order
Markov chains, the maximal order of which is fixed to a
positive integet.. L-PFSA do not include final probabilities
and generate distributions ov&f, n > 0.

Ron et al. proposed a learning model for PFSA, slightly
adapted from the PAC model described in Section 4.1.
The distance measure between a target distribuffon
and a hypothesis® is defined here as thper symbol
Kullback—Leibler divergence

P(u)

1 L1
=~ DL(P, P) =~ > P)log e

ue"

®

This normalized distance is independent of the lengtf
the words on which itis computee? FSAy o), x| denotes
the class ofL-PFSAwith |Q| states and defined on an al-
phabet of sizg¢X|.

Theorem 3. The class?FSAy o), x| is efficiently learn-
able when the order L is known by the learj&®].

Prediction Suffix Treéé (PST) is the hypothesis repre-
sentation class. The learning algorithm described in Section
6.3.2 returns a PST that is argood hypothesis the size of
which is inO(L x |Q] x |2]).

5.4. Trainability of probabilistic automata
The problem of approximating an unknown distribution

by a probabilistic automaton is studied by Abe and War-
muth [30]. The learning algorithm receives an automaton

14 prediction Suffix Trees, also referred to Bsobabilistic
Suffix Treesare formally defined in Re{19].
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constraint the size of which defines the number of param-
eters to be estimated. The main results in this model are
described below.

Theorem 4. The class of PDFA constraints is polynomially
trainable [30].

In other words, finding a probabilistic automaton that best
approximates a target distribution and satisfies a given de-
terministic constraint, is feasible in polynomial time.

Theorem 5. The class oR-states null PNFA constraints is
not polynomially trainable, unlesRP = NP [30].

Note that this result is due to a time complexity being
an exponential function of the constraint size. As in this
case the number of states is fixed, the problem complexity
actually depends exponentially on the alphabet size.

Theorem 6. A constraint class is polynomially trainable if
and only if for any constraint C in the class and given a
sample containing m words over?, the maximum likeli-
hood problem ig-approximable by an algorithm running in
random time polynomial ir%, |C|, n, m [30].

Since PNFA are equivalent to HMMs (see Section 3),
Theorems 5 and 6 imply that estimating the parameters of
a HMM so as to maximize the sample likelihood is not fea-
sible in polynomial time. An open question is to determine
particular subclasses of HMMs, more general than those
equivalent to PDFA, for which a better complexity can be
obtained. Note that the EM algoritdm outputs alocally
optimal solution to the maximum likelihood parameter esti-
mation for HMMs[43,44,3] Maximum likelihood estima-
tion is further detailed in Section 6.1.

5.5. Identification in the limit of probabilistic automata

Carrasco and Oncina study the problem of identifying the
support of PDFA. The main result in this model is summa-
rized by the following theorem.

Theorem 7. The class?DFA is identifiable in the limit
with probability 1 [21].

Let | Q| denote the number of states of the target automa-
ton and letndenote the size of the sample received at a given
step of the identification process. At each step, the learn-
ing algorithm has a time complexity ii(m x 012 x |Z]).
Identification is guaranteed in a finite number of steps.

Carrasco and Oncina give a lower bound on the size of a
characteristic samplR1]. This bound depends on the diffi-
culty of distinguishing pairs of states of the target automaton

15The EM algorithm is also calledorward-Backward or
Baum—Welchalgorithm in this context.
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by a common suffix of sufficiently different probability. In  these models, combining the problems of structure induction
other words, the difficulty of learning depends on the dis- and probability estimation.
tinguishability of pairs of states (see Definition 26). Once
the support has been learned, the problem of estimating the 6.1. Maximum likelihood probability estimation
probabilities of a PDFA is easily solv&®l (see Section 6.1).

Esposito et al. study the identification of probabilistic Given an HMM M = (X, Q, A, B, 1) for which a con-

residual finite state automata (PRFA). TH® FA class in- straint (X, 0, I, T) is known, the problem is to estimate

cludes properly the? DF A class and is strictly included in  its probabilities from a sample. Maximum likelihood is the

the ZN F A class[45]. most popular estimation criterion in this context (see Sec-
tion 4.4).

Theorem 8. The ZRFA class is identifiable in the limit Let 2 = {A, B,1} denote the set of parameters to

with probability 1 if the learning algorithm has access to  be estimated andM; the corresponding model. Let

the exact probabilities of the words in the samp16]. S ={ug,...,un} denote a learning sample. The problem
consists in findingl that maximizes the sample likelihood:

The proposed learning algorithm runs in time polynomial m
in the sample size. This result is preliminary however as it G= argmaxP(S|M;) = argmaxl_[ Pu;|M;). 9)
relies on the assumption of knowing the probabilities of the =1

sample words according to the target distribution. An open
question is how to extend this result when these probabilities
have to be estimated.

Baum—Welch algorithm uses an iterative procedure produc-
ing a solution corresponding to a local maximys0,43]
This algorithm can be seen as a particular case of the EM
algorithm[44]. At each step the expected likelihood of the
5.6. Learnability of probabilistic concepts sample is computed given current parameter estimées (
pectation step The parameter estimates are then updated
The results presented here do not concern the learning of \yhile i increasing the sample likelihooMl@ximization stejp

automata that are probabilistcceptorgsee the discussion The probability of generating the worg by the model
at the end of Section 2.3), as we focus on models directly -5n pe formulated as follows:

related to HMMs. Probabilistic acceptors form a particular
case ofprobabilistic conceptswhich randomly map an in-  P@ilM) = > P(u;, v[M))

put setX to an output seY. Probabilistic acceptors define veQ*
conditionalprobability distributionsP (Y |X), instead of the = Z P(uj|v, M;)P(v|M), (10)
unconditional distributions considered in the present paper. veo* )

Learning samples for probabilistic acceptors are made of el-

ements ofX x Y. The data are randomly drawn according Where Q™ denotes the set of possible state sequences, that
to a fixed distribution oveX and probabilistically labeled s the set of possible paths through the underlying structure,
according to the distributio® (Y| X). More details on the ~ generating:;. Direct computation of this probability has a

learning of probabilistic concepts are given in R§46—49] time complexity in¢@(|u;||Q[1*i). The Baum-Welch algo-
rithm uses the so-called Forward and Backward recurrences

in order to reduce this complexity 1(|u;||Q|?).
6. Induction algorithms The Viterbi algorithn{51,52] computes an approximation
of the generation probability based on a single pattof
In this section we present various algorithms for learning Maximal probability? (u;| M) ~ P (u;, vmax|M ) With
probabilistic automata and HMMs. In each case we use the _ ] )
representation class for which the algorithm was described "%~ a{gglaxp(”“ vIM3) (1)
originally. A change of representation, in particular from
probabilistic automata to HMMs (or conversely), can be VYa € X,Yg € Q, the estimateB(q,a) of the emission

performed following the results of Section 3. probability of the lettera on stateq is given by

We recall briefly some well-known techniques to estimate C(g,a) .
probabilities for these models when the topology is known. B(g, a) = o)) if C(q)>0, (12)
The topology, also called the structure of the model, can be 0 otherwise

seen as an automaton learning constraint (see Definition 22).

. . . . where C(g, a) denotes the number of times the letker
Next we concentrate on various induction algorithms for

was emitted on statg along the path,,,, for each word

16Note that the ALERGIA algorithm described in Section 17There is no guarantee that the maximal probability state
6.2.2 learns the support automaton and estimates the probabilities sequence is generally unique. The Viterbi algorithm returns one
simultaneously. such state sequence.
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of the sampleS and C(q) = ) ,c» C(q,a). The other acceptor. It is a PDFA with finite suppo& as defined in
parameters are estimated in a similar way. More details Proposition 3, where the distributiop considered is the
about Baum-Welch and Viterbi algorithms are presented in sample distribution: ifC () denotes the count of the word
[34,53,3-5] u in the learning sampl&, which is a multi-set, the sample
Note that once the HMM parameters are known, the For- distribution is defined ag (1) = C(C“()u)_
Wa_r_d recurrence can be used to compute efficiently t_he_ prob- | ot A denote a PNFA the state set of whichgsAssume
ability of generating any new word by the HMM. Simi- the support language ok includes a samplé&. Let Ajy

larly the Viterbi algorithm retums the patha., which isa = genote a PNFA derived frowith respect to the partitioft
maximal probability state sequence generating this word. In ¢ Q. Ay is called aguotient automatoof A. It is obtained

other words, this algorithm provides a maximal probability by merging states ok belonging to the same subsetiih
alignment between each letter of the wardnd the model When a state| (resp.q’) from Ay results from the merging

states. / /
of the state resp.{qgs, ..., from A the
All the results presented here can be applied to PNFA following eqi{gllities mqu(s}t(holdp: 91 1))

as they are equivalent to HMMs (see Section 3). In the

particular case of PDFA, the estimation problem is simplified ko

as there is at most one generating path for each word of ¥a € X C(g.a.q) =) > C(gi.a.4}). (14)

the learning sample. This unique generating path is also the i=1j=1

Viterbi path. In this case, the maximum likelihood estimate | the particular case ofi; being a PDFA, the previous

of a transition probabilit}® is given by equalities are simply written as

C(g.a) .

I if C(g)>0, k

PEO=) C@ L ise 13 vaes c@q.a= 2; C(g;.a). (15)
1=

where C (¢, a) denotes the number of times the transition
(¢, a) was used while generatirfy

When M is a PDFA, the time complexity of the exact
computation ofP (u;|M) is in O(|u; ). A similar simplified
computation can be derived for the more general class of
non ambiguous probabilistic context-free grammg4).
The general case of estimating the parameters of ambiguous
probabilistic context-free grammars can be solved by the
Inside-Outside algorithnfb5-57]

Fig. 11presents an example 8fP T A(S) builton the sample
S={a, aa, b, b, b} and its quotient automaton obtained from
the partitionIl = {{e, a}, {aa}, {b}}.

State merging is a generalization operation since the
relation between support languageslisA) < L(App).
The associated probability distributions differ whenever
L(A)CL(Ap). The set of all probabilistic automata that
can be derived fromP PT A(S) by merging some states,
which is the set of quotient automata &fPT A(S), de-
fines a search space of automata generalizing the learning
sample. This search space includes in particular all PDFA

In this section we describe several induction algorithms that can be derived froft PT A(S). Properties of the same
that generalizes the learning sample by merging states of search space considered in a non-probabilistic setting are

a trivial PDFA built on this sample. This initial PDFA, of-  described (58,59} . . . .
ten called theProbabilistic Prefix Tree AcceptqPPTA), is Fig. 12 depicts a generic learning algorithm using state

presented in Section 6.2.1. Several state merging algorithmsmergin_g' A _stgte pair is_ first selected_ froMPTA(S) )
are described next. and this pair is a candidate for merging. The function

SelectStates defines the order in which candidate
state pairs are considered. The functi@ompatible
tests whether two states should be merged according to
some statistical criterion and a precision paramgtéf the
candidate state pair is compatible, the current automaton is
updated by merging andq’, and, possibly, some additional
states. Candidate state pairs are considered for merging till
18 S _ ~ some stopping criterion is met. The merging algorithms
We adopt a simplified notation for PDFA as, for any pair  described in the next sections can be formulated according
(9. ), there is at most one statg such that¢(q. a,q') > 0. In to specific definitions of the functionSelectStates

the sequel, this probability is simply denoted §yg, ). Compatible , Update , and the stopping criterion.
Yna non-probabilistic setting, the same automaton can be ’ '

seen as an acceptor or a generator of words belonging to some .
regular language. The probabilistic version we consider here is a 6.2.2. The ALERGIA algorlthm )

PDFA seen as a probabilistgenerator Probabilistic Prefix Tree The ALERGIA algorithm[18] induces a PDFA from
Generator would therefore be a better name but it is not commonly @ learning sample. The states 6fPT A(S) are associ-
used in the literature. ated to prefixes which may be sorted according to the

6.2. State merging induction algorithms

6.2.1. PPTA and quotient automaton

Given a learning sampl&, the prefix tree acceptd®
is a DFA that only generateS Its state set is the set of
prefixes of words belonging t§ resulting in a tree-shaped
automaton.P PT A(S) denotes the probabilistic prefix tree
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Fig. 11. A probabilistic prefix tree automaton and a quotient automaton given the sampléa,aa, b, b, b} and the partition

IT'={{e, al{aa}, {b}}.

Input: A learning sample S; a precision parameter
Output: A probabilistic automaton
A «—— PPTA(S)
while (Stopping criterion not satisfied) do
(q,q') —SelectStates (A)
if Compatible(q,q’, ) then
| A<—Update (4,q,q")

return A

W
// Initial solution
// Select state pair

// Update current solution

Fig. 12. A generic induction algorithm using state merging.

standard order on stringS. Candidate states for merg-
ing are considered in this ordeBelectStates returns
state pairs made of a given state and each of its pre-
decessors following the same order. For example, the
first candidate state pairs on a two letter alphabet can
be?l (a, ¢), (b, ¢), (b, a), (aa, ¢), (aa, a), (aa, b), ... .

The stopping criterion is defined as the end of the enu-
meration of prefix pairs actually present iRPT A(S).
0(n?) candidate state pairs are therefore checked for merg-
ing compatibility, wheren denotes the number of states of
PPTA(S).

The functionCompatible implements a compatibility
measure derived from the Hoeffding bouj@®]. Formally,
two statesy andq’ are u-compatible (0< u<1) if the two
following conditions hold:

‘cw,a) @,

C(q) C(q")
1 2 1 1
-n-|— 4+ — A7 2, 16.1
<V 2 («/C(q) ,/C(q')) “c (16.1)
d(q,a) andd(q’, a) are u-compatible Va € X. (16.2)

20 according to the standard order denotegthe first strings
on the alphabet = {a, b} are e <a <b <aa <ab <ba <bb <
aaa <--- .

21The candidate state pairs actually considered are only those
present inP PT A(S).

Condition (16.1) defines the compatibility between each pair
of transitions outgoing respectively from stageand ¢’.
The same condition must hold for final probability estimates
obtained by replacing (¢, a) with C(g,#) (resp.C(q’, a)
with C(q’,#)), where # is a speciand-of-wordsymbol.
Condition 16.2 requires the compatibility to be recursively
satisfied for every pair of successors of these stes.
TheUpdate function merges two compatible statpand
q’, and, recursively, all their respective successors in order to
eliminate non-determinism in the underlying structu¥iy.
13 depicts an execution example of thipdate function.
The temporary solution is represented at the top and proba-
bilities are left out here for clarity. The state pébu, b) is
assumed to satisfy the compatibility measure. These states
are merged resulting in a new quotient automaton, which in
this case is structurally non-deterministic. Subsequent merg-
ing steps are then performed to eliminate non-determinism.
This results in the automaton, depicted at the bottom of the
figure, which is guaranteed to be a PDFA. This recursive
merging operation is sometimes callddterminization by
merging
The class”? DF A can be identified in the limit with prob-
ability one using the ALERGIA algorithm. A slightly mod-
ified algorithm, called RLIPS, was proposed later with a

22|f one successor state, say, is undefined for the transition
function ¢ is partial, condition (16.1) can be rewritten for the other

successoq as follows: Cé’{é‘)’) 1in % (ﬁ) . VaeX.
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a a () b O a O level are eventually merged in a single state, irrespective of
O a_ (32 their compatibility. On the other hand, two statpand g’
HQ O O a O Q are u-compatible if

‘C(q,aZ*) _ C(g',ax")
Clg) C(q")

whereC(q, a2*) denotes the count of the suffixes of stgte
starting with lettem in the current solution. These counts can
be computed efficiently inP PT A(S) and updated when-
ever states are merged. Transition probabilities are finally
smoothed by correcting the maximum likelihood estimates

(=2

gg Va ez, 17)

as follows

5 C(q,a)

¢(Qva): @) -2 +1)¢min)+¢min| (18)
whereg,,;,, denotes the minimal probability assigned to any
transition.

The class ofu-distinguishable APDFA is PAC learnable
using the proposed algorithm (see Section 5.2). This inter-
esting result is limited however by the fact that the induced
support languages are necessarily finite.

6.2.4. The MDI algorithm

The MDI algorithm[22] differs from ALERGIA in the
definition of the Compatible  function. This algorithm
aims at inducing PDFA while trading off minimal divergence
from the training sample distribution and minimal size. It

a
H@ b é b O/:O can be considered as a Bayesian learning method (see Sec-
\O tion 4.4). Indeed a possible solution with null divergence
is PPTA(S). Itis also a maximum likelihood model built
U] from the learning sample. On the other hand, favoring small
a a automata, or equivalently automata derived frBiAT A(S)
a@L@LOLO with a large number of merging operations, corresponds to

an increased prior probability associated to a reduced au-
Fig. 13. An Update example including determinization by  tomaton size. Trading off both effects is thus equivalent to
merging. maximizing the posterior probability of the model given the

training data.

AssumeAg=PPTA(S), A1 is a temporary solution and

reformulated proof of convergeng21]. Finally note that, A2 is a tentative new solution that can be derived fram
in the case of small finite samples, state pairs with very low In other words,A, can be obtained fromt; by merging
counts can be wrongly considered compatible. This was ob- some candidate state pajandg’, and, possibly, some ad-
served experimentally by Young-Lai and Tompa who intro- ditional states according to the determinization by merging

duced some refinements to the compatibility mea§te operation. Stateg andg’ are u-compatible if
_ _ D(ApllA2) — D(ApllA1) 19
6.2.3. Learning acyclic PDFA 12 <p. (19)
. . . [A1] — A2
Ron et al. proposed an algorithm for learning acyclic . o
PDFA [20]. It is similar to ALERGIA but for the defini-  In other words,A is the new temporary solution if the

tions off SelectStates and Compatible . Candidate divergence increment relative to the size reduction, that is,
state pairs are restricted to states sharing the same level inthe reduction of the number of states, is less thaiNote
PPTA(S). These states are associated with prefixes of the that, when the prior probability of; is defined as (A;) =
same length. Thus the quotient automata are acyclic. State2~ 4!, the denominator of expression (19) is equivalent
pairs are considered in increasing level order, and, for a to the log ratio of thepriors: log, ﬁgﬁi). The divergence
given level, in arbitrary order. In addition, a given state can increment can be efficiently compute(; as explained below.
be selected only if its count is greater or equal to a prede- Let PPTA(S) = Ag = (2, 09, ¢%,:0,:% and let
fined threshold. All low count states belonging to the same Ag/mg1= A1 = (£, 01, ¢1, 11, 11) be a deterministic quo-
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tient automaton ofdg. By definition of a quotient automa-
ton, each stat@; in Ag exactly corresponds to one state
4i=B1,,(g;) In A1. In other words,Bjy,, (¢;) denotes the
subset of the partitiof/p; to which the stateg; belongs. Let

¢; denote the probability of reaching from the tree root.
The divergence betweefig and A, can be computed as

$o(qi,a)
D(AO”A]_) = Z Z Ci(bo(qi’a) |097
4i€Q0 acXUfH) $1(gi. @)

- Y. Y. cidolgi-a)logd1(g;, a)
qi€Qo0 acXU{#}
— H(Ap),

(20)

where H(Ag) denotes the entropy ofg. The divergence
D(ApllAy) is always finite in this case ag (¢;, a) # O if
bolgi» a) # 0. LetAp=A1/m12 be a deterministic quotient
automaton ofA4. By construction,A»> is also a quotient
automaton ofdg for some partitiormzgo. Thus the divergence
increment can be computed as follows:

D(AqllA2) — D(AgllA1)

= Y Y. cidolgi,a)log

qi€Qo012 acXU{#}

$1(qi, a)

$2(gi.a)’ @1)
where Q012 = {g; € Q0| Broy (i) # Bnoy(qi)) denotes
the set of states i that have been merged to derive
from Aq.

There is no existing proof of convergence of MDI with
respect to learning models described in Section 4. Empirical
results in the domain of language model construction for the
ATIS travel information tas§62] show however that MDI
outperforms ALERGIA[22].

6.2.5. Bayesian HMM induction by state merging

Stolcke and Omohundro proposed an induction algorithm
by Bayesian model mergin®3,64] This algorithm differs
from the generic merging algorithm describedFig. 12
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the structurés. The structural prior is defined &(M;) o

¢~ M! where|M]| is the number of states of the HMM, pro-
ducing a bias towards small models as for the MDI algo-
rithm. Since transition and emission probabilities in a HMM
can be seen as multinomial distributions, the parameter pri-
ors are assigned using a Dirichlet distribution. The effect of
this prior is equivalent to having a number of additional vir-
tual counts associated to each of the possible emissions and
transitions. For example, the MAP estimate of the emission
probability of lettera on stateq is given by

C(g,a)+o.—1
YaeslClg,a) +ae — 11

whereu, is the virtual count associated to an emission. The
virtual counts chosen in this case are making equal use of
all potential emissions and transitions, adding bias towards
uniform transition and emission probabilities.

Starting from the initial model, all state pairs are consid-
ered for merging and the resulting model that maximizes the
posterior probability of the model structure is chosen. This
probability incorporates a global prior weightifg> 0. The
quantity to be maximized is defined as

B(g,a) = (22)

Blog P(M) + log P(S|M). (23)
The merging step is iterated till a local maximum of the
weighted posterior is found.

The time complexity of this algorithm is significantly
larger than those of the algorithms described above. In par-
ticular, the number of state pairs consideeg¢aach steps
in (G(nz), wheren denotes the number of statesMf. The
total number of candidate state pairs is thereforé in3).
Moreover there is no analogue to the determinization by
merging operation, which would reduce significantly the ac-
tual number of state pairs considered in practice.

Several heuristics are used here to decrease the number of
candidate state pairs. For instance, early merging steps re-

since HMMs are chosen here as representation class, butstrict candidates to state pairs having the same output sym-

several similarities can be observed.

The initial solution is a trivial HMMMq generating ex-
actly the learning sampl8 Each wordu of Sis associated
to a specific path ing. The initial probability of the first
state of each path is given by the relative frequenayiofS
Each path is made of| states and the emission probability

of each state is 1 for the corresponding letter. Each state is

therefore initially assigned to a unique output symbol. Note
that Mg is a maximum likelihood model3

The prior probability of a model/; with parameters is
defined as? (M) = P (M) P(A|My), whereP (My) denotes
the prior probability of the HMM structure ané (1| Mj)
denotes the prior probability of the parameter values given

23The definition of the trivial model given in Refb4] slightly
differs from our definition as it uses a distinct path associated to
each repetition of a given word i& However, equivalent states in
this model can be merged to gify without likelihood loss.

bol, while general merging is allowed in later stages. The
evaluation of the posterior probabilities also includes several
approximations. In particular, the model likelihood is com-
puted using the Viterbi approximation described in Section
6.1. It is also assumed that merging preserves the Viterbi
paths.

One common problem observed in practice is that the
stopping criterion is satisfied too early, as a single merg-
ing step could decrease the posterior model probability even
though additional related steps might increase it. The stop-
ping criterion is therefore modified to trigger only after a
fixed number of steps have produced no improvement.

6.3. State splitting induction algorithms
State splitting is an induction technique opposite to state

merging. A model with very few states (possibly a single
one) is built initially. The topology of this initial model
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depends on the prior knowledge available. For instance, it 6.4. Structural induction by parameter estimation

can be a fully connected graph or a left-to-right structure,
as in the case of HMMs used for acoustic modeling. Next,
the model is iteratively specialized by splitting some states
to best fit the training data.

An early approach using splitting is described in R&6),

where a stochastic regular grammar, equivalent to a PNFA,

is iteratively specialized so as to maximize a Bayesian crite-

The MAP learning approach described in RéB] folds
HMM structure induction into parameter estimation. It uses
an adapted version of the EM-algorithm where the M-step
is modified so as to maximize the posterior probability of
a model. An entropic posterior probability is obtained by
combining an entropic prior with the sample likelihood. The

rion. However, the enumerative search technique proposed entropic prior is adding bias towards sparse structures. The

has an exponential time complexity.

6.3.1. Successive state splitting

Successive state splitting was used to learn HMM topolo-
gies for allophone modelinff5]. An improved version of
this technique is described in R¢66]. This approach was

posterior defines a distribution over all possible model struc-
tures and parameterizations within a class. Starting from
an initial model structure, for instance a fully connected
graph, the MAP estimator drives irrelevant parameters to
zero. Simple tests can then be performed to prune transitions
and states while increasing the posterior probability of the

developed for continuous HMMSs but the basic steps can be model. Pruning accelerates training by removing parameters
applied in the discrete case. An initial model topology is that would otherwise decay asymptotically to zero. MAP
defined and parameters are estimated by maximum likeli- estimation combined with parameter pruning is therefore a
hood using the Baum-Welch algorithm (see Section 6.1). structural induction technique.

At each step, a state is selected for splitting so as to maxi- Another approach using transition pruning was described
mize the expected log likelihood on a constrained subset of in Ref.[69]. Starting from a fully connected HMM, the algo-
the parameters. Two types of splitting operations in a left- rithm iteratively prunes transitions, and the resulting model
to-right structure are considered here. A contextual split re- likelihood is recomputed. The pruning process is iterated till
places a given state by a pair of parallel states. A temporal the model likelihood does not decrease significantly. Note
split replaces a given state by a sequence of two states. Onlythat this heuristic selection criterion could have been for-
those states affected by the splitting operation are consid- malized in a Bayesian setting using a larger prior probability

ered while retraining the parameters with the Baum-Welch
algorithm. The process is iterated till the likelihood gain
falls below a given threshold. Note that the splitting opera-
tions considered here do not allow to induce cyclic models,
unless cycles were already included in the initial topology.
Additional criteria for state splitting are described in Ref.
[67], including axz goodness-of-fit test, a cross-validation
criterion, and an MDL stopping criterion.

6.3.2. Prediction suffix trees learning

Ron et al. proposed an induction technique for learning
L-PFSA (see Section 5.3), which form a subclass of PDFA
equivalent to variable order Markov chaifi®]. The repre-
sentation class used fa-PFSA is the class of Prediction

for a model with less transitions.

6.5. Error-correcting induction techniques

The ECGI algorithm uses error correcting techniques to
induce an automaton structuE7]. The initial model only
generates the first word of the learning sample. The model
is then greedily adapted to best incorporate the rest of the
sample. At each step, new states and transitions are added
according to a minimal number of editing operations (sub-
stitution, deletion, and insertion) needed to accept the new
words. These optimal editing operations are computed using
dynamic programming. Maximum likelihood estimation of
the model parameters can be computed simultaneously, and

Suffix Trees (PSTs). Each state in a PST is associated tothe editing costs can be defined according to updated esti-

a specific suffixv and a conditional probability? (a|v) of
generating a lettea given the corresponding suffix The

mates of probabilistic editing operations. Note that the final
structure depends on the order in which the learning exam-

initial tree contains a single state associated to the empty ples are considered. A very similar technique is described

suffix e. Next, the tree is grown by considering increasingly
larger suffixes up to a maximal length, which defines the
model order. A state associated to the suifis created if
there exists a lettea for which the maximum likelihood
estimateP (a|v) satisfies the following conditions:

P@lv)>n and M

>1+4,
P(afv_1)

(24)

wheren andy’ are predefined thresholds, and; denotes
the longest suffix ofv not equal tov. L-PFSA are PAC
learnable using the proposed technique (see Section 5.3).

in Ref.[70].

7. Conclusions and perspectives

We studied the links between probabilistic automata and
HMMs, showing that PDFA form a proper subclass of
PNFA, and that PNFA and HMMs are equivalent. More
precisely, there are two families of equivalent models ac-
cording to whether or not final probabilities are included.
In the former case, the models generate distributions over
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words of finite length, while, in the later case, distribu-

tions are defined over complete finite prefix-free sets. The
equivalence between PNFA and HMMs allows to apply
learnability results and induction algorithms developed in
one formalism to the other.

Learnability results presented in Section 5 illustrate the
difficulty of learning probabilistic automata or HMMs. If the
automaton structure is known then learning is reduced to a
probability estimation problem. Looking for the model that
globally maximizes the sample likelihood cannot be per-
formed in polynomial time for the general classes of PNFA
or HMMs. When the structure is unknown, learning in the
PAC sense is not feasible even for PDFA defined on a 2-

letter alphabet. Proper subclasses of PDFA are learnable: au-

tomata with bounded variable memory ardistinguishable
acyclic PDFA. On the other hand, the class of PDFA is iden-
tifiable in the limit with probability 1 but this model does
not bound the overall complexity of learning.

An open question is whether other interesting subclasses
of PNFA are PAC learnable. Note also that non-learnability
results mentioned here are related to automata with no
final probabilities, and for which the learning objective is
to minimize the divergence with respect to some target
distribution. It would be worth to investigate learnability
results for general PNFA including final probabilities. Al-
ternatively, one could adopt a distance measure between
distributions which would be easier to satisfy than the di-
vergence. An interesting result along these lines was already
mentioned by Fu14]. It states that even a probabilistic
context-free language can be approximated by a probabilis-
tic finite support language, when the quadratic distahce
is considered between both languages. Alternative criteria
for approximating the maximum likelihood problem could
be considered. In this context, can we characterize the
locally optimal solution produced by the EM algorithm
with respect to a solution that best approximates the global
optimum?

While positive learnability results are difficult to obtain
for the general class of PNFA or HMMs, several algo-
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